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A Note on core nonemptiness of a nontransferable utility
game based on the standard microeconomic model*

Ryoji Okatani

Abstract

We provide a proof of core nonemptiness of the nontransferable utility (NTU)
game In cooperative game theory based on the standard microeconomic model,
which is introduced by standard microeconomics textbooks. For example,
continuous utility functions and compactness and convexity for available
consumption sets are often used in textbooks. We use such assumptions and
construct an NTU game without the peculiar settings of cooperative game
theory. Furthermore, we show that if the game is balanced, the weak core is

nonempty similar to the general NTU game.
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1 Introduction

We provide a proof of core nonemptiness of the nontransferable utility (NTU)

game based on the standard microeconomic model, which is usually introduced
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in standard textbooks such as Microeconomic Theory by Mas-Colell, Whinston,
and Green (1995). In the general NTU game, some unfamiliar assumptions, for
example, comprehensiveness, cylindricality, and characteristic function, are
used. We construct an NTU game without the peculiar settings of cooperative
game theory. Furthermore, we show that if the game is balanced, the weak
core is nonempty, similar to the general NTU game.

We assume that utility functions are continuous; and locally nonsatiated; and
attain minimum utility at a boundary of the consumption set. Furthermore, we
assume that available consumption sets, which are similar to budget sets, are
compact and convex. These assumptions are often used in microeconomics.

In the present paper, the only assumption that we use from cooperative
game theory is balancedness. In the general NTU game, balancedness of the
game is assumed for the characteristic function. We assume it for the available
consumption sets since we consider balancedness as a rule for the allocation of
goods.

The theorem of core nonemptiness is provided by Scarf (1967). Shapley and
Vohra (1991) provide a simple proof of this theorem, and our proof is based on
their proof. However, since our assumption of the balancedness of the game is
based on the available consumption sets whose dimension is the number of
goods, our proof becomes slightly more complicated.

We use the following mathematical notations. For X C R¢, 9¢X is the set of
all boundary points of X in RY, and int‘X is the set of all interior points of
X in REForx € Rland e € Ry, BY(x) C R’ is the open ball with center
and radius e For Z =[], X; ¢ R™, int"Z =[], ri"X; = [[I, int’X;

where ri"eXi is the relative interior of Xj.

2 Model

Let N = {1,...,n} be the set of plavers, who each consume an ¢-tuple bundle of
goods. Let L = {1,...,¢} denote indexes of goods, and let ]Rﬂ be the consumption
set for each player. A generic element of player i¢’s consumption set is denoted
by z; € RY. Suppose that £ > n. We call z = (21,...,3,) € R an
allocation. Players can form a coalition, which is denoted by an n-tuple vector
c € A :={0,1}". For example, the grand coalition, which is formed by all
players, is denoted by (1,1,...,1), and the coalition formed only by player 1 is
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denoted by (1,0,...,0). That is, if player i is in coalition ¢, then the value of the
ith coordinate of ¢ is 1, and if not, the value is 0. Let 1=(1,1,...,1)€ A4 be
the grand coalition. Let M : A" — Z?(N) be another expression of the coalitions.
For example, M (1)=N, M ((1,0,...,0))={1}, M((1,1,0,...,0))={1,2}, and
so on. Let fi: N — Rﬁ,i = 1,...,n, be player i’s available consumption
correspondence. Player i can consume z; € f;(c) if coalition ¢ is formed. Let
fr oV > R be f(e) =1, filc) for all ¢ € A We call fi(c) an available
consumption set.

Available consumption sets are similar to budget sets when coalition ¢ is
formed. Thus, we suppose the next assumption.

Assumption 1. The available consumption correspondence fi is convex and
compact-valued for all 7 € N.

Players can consume nothing, so free disposability for available consumption
is assumed.

Assumption 2. For all players i € N and coalitions ¢ € A4, 0 € f;(c).

For all coalitions, a minimum positive consumption is assumed for all players.
Assumption 3. There exists 7; € R, such that z; € f;(c) for all i € N and
ceN.

Next, we introduce the utility function. Let wu;: Rﬂ — R be the utility
Sunction of player i. The following is assumed for utility functions.

Assumption 4. For all players 7 € N, utility functions u; are continuous on Rﬂ,
and locally nonsatiated in RY |, and u;(0) = 0. Furthermore, for all z; € RY, if
xz = 0 for some j € L, then u;(x;) = 0.
By assumptions 1, 2, and 4, we have the following fact.
Fact 1. For all players ¢« € N, and for all coalitions ¢ € .4, there exists a
maximum utility w;(z(c)) such that z}(c) € 9°f;(c)
Proof. By assumption 4, the utility function wu; is continuous on f;(c). By
assumption 1, f;(c) is a compact set. Thus, there exists 2} (c) € fi(c) such that
u; attains its maximum at z}(c). Suppose, on the contrary, that x (c)€ int’ f; (c).
There exists ¢ € R, such that BS(x¥(c)) C int’fi(c). By assumption 2, w; is
locally nonsatiated. Therefore, there exists ¥ € Bf(:r;‘(c)) such that
ui (i) > ui(z3(c)). This is a contradiction. Thus, we have #}(c) € 9 fi(c). O
We call (N, (fi)ien, (ui)ien) the NTU game based on the standard

microeconomic model.
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3 Weak core

Generally, core is the set of allocations obtained by the grand coalition, and

the allocations are not dominated by any coalition. In this paper, we use strong

domination as the definition of domination. An allocation z=(z1,...,x,) € ]Rﬂ"
is strongly dominated by an allocation y = (y1,...,yn) € RT via a coalition
ce Nif

Jy € f(c),Vi e M(c),u;(y;) > ui(z;).

We can define the weak core. The set X* C f(1) is the weak core if no

allocation z € X * is strongly dominated by any coalition. That is,
X*={zeRT:zc f(1)and ~(3c € 4, Iy € f(c),Vi e M(c),ui(yi)>ui(x;))}.

The next fact is useful.
Fact 2. The weak core has the following property.
X*c f\ | int"f(e).
ceN
Proof. For all z* € X* we have * € f(1) by definition of X* Suppose, on the
contrary, that z* € (J,c 4 int"™f(c). Then, there exists ¢ € .4 such that
o* € int" f(c). Then, there exist &; € Ry such that Bf (z7) C fi(c) for all

1 € N. Since u; is locally nonsatiated, we have
Vi e N,3Jy; € Be,(x}) C file),ui(y:) > ui(x]).

Thus, 2* is dominated by y via c. This is a contradiction. [

4 Balancedness

The balancedness of games is a sufficient condition for the nonemptiness of
X* First, we introduce the balanced collection, and then, we define the
balanced game.

A set B C N is a balanced collection if there exist non-negative weights
Ae € Ry for ¢ € £ such that

Z Aec=1.
c€B

The elements of balanced collection & are called balanced sets.
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There is another expression of balancedness. For all ¢ € N, define

C

M)

c

Let A" be n—l-simplex such that A" = {g € R} : Y, gi = 1}. Clearly,
m¢ € A" forallc e A
Fact 3. % is balanced if and only if m' € co{m®: ¢ € B}
Proof. (=) Suppose that 4 is balanced collection, and 8 = {ci1,...,ck}. Then,
there exist Ac; € Ry, 7 =1,...,n such that Z?Zl Ae;jcj = 1. We have

k
;chCj =1 < Z ‘M(C‘])|>\C]W =1

j=1
|M (c)| 1
& Ae,m =
; (M (L) |M(1)]
k
|M ()| ¢ o1

M .
Thus, we show Z§:1 “ M((Cf))|| Ac; = 1. For all i € N, define %; as the set of

¢ € A such thati € M(c). Since Y c» Ac¢ = 1, we have Y .c g Ac = L. Thus,
the following holds:

k
Do IM(e)lhe, =7 3 Ae=n=[M(1)]

iEN ceB;

So, we have Z?:l ‘\]J\\{[((clj ))I|

(<) Suppose that m!'=co{m:c € #}. Then, there exists y.c R, c€ A

Ae; = 1; therefore m' = co{m: c € A}

such that Y- .cp pte = 1 and m' = 3" ., pem. The following holds:

1 c
1 _ Z c —
m = Hem™ < = Z,Uc
]~ 2
c
< 1—Z|M(1)‘Ncm-
ceER

Thus, let A; := l\%((i))l‘ pe, and we have 1 =3 - 5 Acc. O

Using balanced collections, we can define a balanced game. A game

(N, (fi)ien, (wi)ien) is balanced if

1 For X, coX is the convex hull of X.
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() f(e) € f(1)

ceEAB
for all balanced collections 4.
The following theorem, proposed by Scarf (1967) is important in cooperative
game theory, and is well known as Scarf’s theorem in the general NTU game.

Theorem (Scarf (1967)) If the game is balanced, the weak core is not empty.

5 Proof

We prove the theorem in our standard microeconomic model. The proof is
based on Shapley and Vohra (1991).
Lemma 1. Let a set Af be an ¢— l-simplex, i.e., Al={s ¢ Rﬂ : Z]EL si=1,
s = (s!,s%,.. .,Sz)}. There exists a continuous function such that p: A —

aUcEJV f(C)
Proof. Let a function ¢;: Ryx A~ 4 fi(c) be ¢i(s)=t;s for all i € N.

Then, ¢; is continuous. Let a correspondence 15 : Al — R4 be

Ti(s) ={t: e Ry: tise ] file)}.

ceN

Then, 7 is continuous and compact-valued. Let a function ¢: Af— Uees fi(c) be

maxy,er,(s) Gilti,s) if s € RG

pi(s) = . ,
0 if se Ry \RY,.

By Berge's maximum theorem, ¢; is continuous. Furthermore, we have
¢
¢i(s) € 0" Upe s file). O

Lemma 2. Let a correspondence G: Af — A™ be
G(s)={m e A":ce A4 and ¢(s) € f(c)}.

Then G is a well-defined upper hemicontinuous correspondence.

Proof. Suppose that sy — s* as v — 00,8, € Al g, € G(sy) forall v € N|

and z, — z*as v — oo. Since G(S) is finite and x, — ™ as v — o0,
JveN,YweN vz2v = z,=21"
Thus,

dee N, mS =z, Vv 2D
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Therefore, ¢(s,)€ f(c) for all v = . Since ¢ is continuous and f(c) is compact,
we have ©(s*) € f(c). That is, 2* € G(s*) and G is upper hemicontinuous. [

Lemma 3. Let A be an ¢n— l-simplex. For (s,g) € A? x A" let § € A™ be
§Z = % for alli € N, and let § € A™ be g{ = gi Let a function h?: Al x A™

—>R+,j€Lbe

§f + max <§f — ;,0)
W (s, 9) = =

1+ Z max<§g€1n70>

(ji)eLx N

n.

Let a function h: A x A" — A be
h(s,g) = (h'(s.g),...,h"(s,9)).
Furthermore, let a correspondence H : Af x A™ — Al x A™ be
H(s,g) = {(h(s,9),9): g € co(G(s))}.

Then, H has a fixed point.
Proof. Since H is convex and compact-valued, H satisfies the conditions of
Kakutani's fixed point theorem. [J

Lemma 4. Let (s*, g*) be a fixed point of correspondence H. Then,
B ={ce N:p(s") € flc)}

is a balanced collection.

Proof. Let (s*, g*) be a fixed point of correspondence H, i.e.,
s* = h(s*,g") and g* € co(G(sY)).
By the definition of H,
g" € co{m®: c € #*}.

If g*=m" then %* is balanced by Fact 3. Suppose that g*#m!. Since (s*,9")

is a fixed point, we have

57 4+ max(g*] — £,0)

§* = RN
1+ 32 erxny max(g*; — 7,0)
and then,
5% Z max g*j—lo = n max g*j—iO
N toop’ v dn’
(4 i)ELXN
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for all i € N. By g* # m! there exists i € N such that ¢* > ;.. Thus, we have
Y oieN max(g*z— £,0)>0. Let J={j€L: s7>0} and K={keN:s*=0}.
If K= 0, then max <g*f — ﬁ, O) >0 for all { € N. It is impossible. Thus, we
have K= 0. Hence, s* € R} \ R, and ¢(s*) = 0. Since for all c€ .1,
0 € f(c), we have * = . Therefore, m!' € co{m®: c € #*}, and #* is
balanced by Fact 3. [J
Proof of the theorem. We show that the allocation derived by Lemma 4, ¢(s*),
is a core allocation. That is, ¢(s*) € X™* Suppose that ¢(s*) ¢ X* By Lemma 4,
©(s*) € f(c) for all ¢ € #* and B* is balanced. We have
p(s) e [ fle) C (1)
ccB*
By Fact 2, we have
p(s*) € | int"™(f(e)).
ceN
By a general property of interior,

| int™(f(e) c int"f( U f(c))

ceN ceN

= int"* (H U fi(c))

iEN ceN

=11 m%( U fi(c))

iEN ceN

Thus, <,0¢(s*)€in[‘.£(uc6 _v fi(c)). However, by the definition of ¢, p;(s*)€9° U, 4 fi(c)

This is a contradiction. [J
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